An Analysis of Isgur-Wise Function of Heavy-Light Mesons within 
a Higher Dimensional Potential Model Approach. 
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Abstract 

Nambu-Goto action for bosonic string predicts the quark-antiquark potential to be 
V(r) = — ^ + or + hq. The coefficient 7 = ^T 2 ^ is the Liischer coefficient of the Liischer 
term 2 which depends upon the space-time dimension 'd'. Very recently, we have devel- 
oped meson wave functions in higher dimension with this potential from higher dimen- 
sional Schrodinger equation by applying quantum mechanical perturbation technique with 
both Liischer term as parent and as perturbation. In this letter, we analyze Isgur-Wise 
function for heavy-light mesons using these wave functions in higher dimension and make 
a comparative study on the status of the perturbation technique in both the cases. 
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1 Introduction: 

In the non-perturbative low energy regime of 
QCD theory, potential model approach has 
been successful, even in the non-perturbative 
approximations, for the study of quark- 
antiquark bound states. There are several po- 
tentials in literature for modeling mesons like 
Cornell potential [1], Martin potential [2], Log- 
arithmic potential [3], Richardson potential [4] 
etc. Out of these, the linear plus Coulombic 
type Cornell potential is believed to be the 
more realistic one to account for quark- 
antiquark interaction in a meson, as it includes 
both the QCD concepts of asymptotic free- 
dom (Coulombic term) and confinement (lin- 
ear term). 

An 

V{r) = -— + br + c (1) 
3r 

In the non-relativistic approach, two-body 
Schrodinger equation is employed with such 
a potential to extract meson wave function 
and subsequently analysis on static and dy- 
namic properties of mesons are made. The 



main problem lying within such approach is 
that Schrodinger equation is not exactly solv- 
able with such a potential. In recent past, we 
have successfully applied quantum mechanical 
perturbation technique in solving Schrodinger 
equation with such a potential. 
Very recentlyfollowing Nambu-Goto action for 
bosonic strings [7], we have introduced [5, 6] 
higher dimensional potential model in our 
studies on heavy-light mesons which is: 



7 

V(r) = h or + u 

r 



(2) 



Here, 7 



n(d-2) 
24 



is the Liischer coeffi- 



cient [8,9] of the Liischer term 2, which de- 
pends upon the space-time dimension 'd\ a 
is the string tension whose generally accepted 
value is 0.89 GeV/fm; /i is a regularisa- 
tion dependent mass term. We have employed 
Schrodinger equation in higher dimension and 
develop meson wave function in both the cases 
of perturbation - Liischer term as parent [5] 
and linear term as parent [6]. Then, we have 
made subsequent studies on Isgur-Wise func- 
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tion (IWF) of heavy-light mesons in both the 
cases. 

In this work, we make some refinement of our 
analysis of IWF in higher dimension and put 
forward our comment regarding the status of 
perturbation for both the choices of 'parent 
and child', within such higher dimensional po- 
tential model. 



2 Theory and Calculation: 

2.1 With Liischer term as par- 
ent: 

With Liischer term as parent, the wave func- 
tion is obtained as [5], 

ytotai^ = jVjfl - ^r 2 ]r^e~^ r (3) 

where D is the spatial dimension such that 
d — D + 1. Ni is the normalisation constant 
which is obtained from: 



DC D r D ~ l | m tota \r) \ 2 dr = 1 (4) 



This gives: 



r r(2D-3) _ r) ; r(2D-i) , 2 r(2D+i) 11/2 



(5) 



(2 M7 )2 



Here, we consider k — ^ and Co 



T D/2 



r(f+i) 



such that = DCDr D ~ 1 dr represents vol- 
ume element in D dimensional spherical coor- 
dinates [10]. It is to be mentioned here that at 
D = 3, this higher dimensional wave function 
gives back our three-dimensional result (see ref 
[11]) when 7 is replaced by and a by b. 
Considering volume element in D dimension, 
the derivatives of IWF are obtained from: 



p 2 = DC Di i 2 



r 



D+l I -.j, total 



^ total (r)\ 2 dr 



C 



6 



DC D p 



f 

Jo 



„D+3 1 -y^total 



(r)\ 2 dr 



(6) 
(7) 



With wave function given in (3), we obtain ex- 
plicit expressions of p 2 and C : 



r r(2D-i) , r(2D+i) , 2 r(2D+3) i 

2 _ 2 ^2^-1 ^(2^+1 + ft (2^+3 J , . 
P r r(2£>-3) p. r(2D-l) , 2 r(2g+l) i w 

L(2/! 7 )^-a ~ ^ ft (2 M7 )^-i + ft (2^7)^+1 J 

r r(2D+l) q , r(2D+3) , 2 r(2P+5) 1 
p 4 l( 2/n )^+i ~ ^ fc (2 M7 )^+3 + « (2 M7 )^+5j 

6 f r(2D-3) , r(2D-i) , 2 r(2D+i) i W 

I (2/^7)^-3 - ^(2,^)^-1 + ft (2^ 7 )^+l J 

The values of p 2 and C for different D values 
are reported in Table-1. For comparison, some 
recent standard theoretical and experimental 
results are shown in Table-2. 



2.2 With linear term as parent: 

Considering linear term in potential as par- 
ent in perturbation method, the wave function 
comes out as: 



total , 



r) = N±r 



(l-D) 



[1 + Ai(r, D)r + A 2 (r, D)r 2 + 
Mir, D)r s + }{ Ql r) m Ai[ Ql r - £ ](10) 



Terms A X ,A 2 etc, Airy function Ai[g] and 
other terms involved in wave function are de- 
scribed in ref [6]. Normalisation constant N± 
and slope (p 2 ) and curvature (C) can be ob- 
tained using equations (4), (6) and (7) respec- 
tively. To avoid divergences due to infinite up- 
per limit of integration in these expressions, 
from convergence condition of perturbation se- 
ries, we have earlier introduced reasonable cut- 
off value r , which is obviously dimension de- 
pendent (Table-1 of ref[6]). The variation of p 2 
and C with dimension D is reported in Table-3 
of ref [6], which we also report here as Table-3, 
for convenience of our analysis. 

3 Results and discussion: 

In the case of Liischer term as parent, although 
our results ( equations (3), (8), (9)) for D = 3 
give back the corresponding expressions ob- 
tained with Cornell potential (see[ll])when 7 
is replaced by and a by b, still our result 
for p 2 and C ( Table-1) are higher than the 
standard values. 

However, at higher D, when Liischer term be- 
comes more and more dominant, the values of 



2 



p 2 and C go on decreasing, the asymptotic lim- References 



its being p 2 asym = 15.32 and C = 36.64 for D 
meson. Here, we mention that, we have worked 
with fixed value of confinement parameter (cr = 
0.89 GeV/fm) , unlike earlier analysis with 
Cornell potential (see [11]) where confinement 
parameter b is varied suitably to meet the ex- 
pectations. Also, the Coulomb-type Luscher 
term depends only upon dimensional parame- 
ter D, where as in Cornell potential the coef- 
ficient of Coulombic term contains strong cou- 
pling constant a s , bringing in flexibility in the 
calculations. 

On the other hand, with linear term as parent 
in perturbation technique, our results (Table- 
3) are reasonably close to the standard val- 
ues ( Table-2). More importantly, in this 
case, p 2 and C values increase with increase 
in D, although remaining within the range of 
our expectations. We have restricted our cal- 
culation up to the term A^r, D) in the first 
infinite series of the wave function; there re- 
mains scope for further refinement of results. 
From our analysis of derivatives of IWF of 
heavy-light mesons in both the choices of 
'parent-child', we can infer that the case of lin- 
ear confinement term as parent is giving more 
reliable results compared to the case of Luscher 
term as parent. This is also supported by re- 
cent lattice calculation [14] . Also, theoretically 
it is reasonable that the higher dimensional po- 
tential originates from a more general string 
inspired exact potential enunciated by J. F. 
Arvis[15]. 



V(r) 



ar \ / 1 — 



7r(d- 2) 



Ylar 2 

On expansion, it gives linear term as leading 
one with Luscher term as first order correction 
to it. This supports the case of treating linear 
term as parent with Luscher term as first order 
perturbation to it. 
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Table 1: p 2 and C for different D values (with Liischer parent). 





D meson 


B meson 


D 


P 2 


C 


P 2 


C 


3 


186.1 


11200.7 


186.4 


11208.8 


4 


76.4 


2032.1 


76.9 


2051.6 


5 


50.51 


854.9 


50.82 


563.7 


9 


29.39 


204.2 


29.53 


208.8 


15 


26.93 


165.4 


27.21 


169.2 


20 


22.41 


96.6 


22.68 


99.2 


25 


18.83 


64.23 


19.02 


64.6 


oo 


15.32 


36.64 


15.55 


36.98 


(asym) 











Table 2: p 2 and C values in different models/collaborations. 



Model / collaboration 


Slope 


Curvature 


Ref [16] 


1.8 


0.95 


Skryme Model [17] 


1.3 


0.85 


Neubert [18] 


0.82 




UK QCD Collab. [19] 


0.83 




CLEO [20] 


1.67 




BELLE [21] 


1.35 




HFAG [22] 


1.17 ±0.05 




Huang [23] 


1.35 ±0.12 





Table 3: p 2 and C for different D values (with linear parent). 





D meson 


B meson 


D 


p 2 C 


p 2 C 


3 


0.2158 0.0174 


0.2608 0.0254 


4 


0.3874 0.0457 


0.4039 0.0483 


5 


0.4366 0.0613 


0.4813 0.0679 


9 


0.8355 0.1746 


0.9497 0.1916 


15 


0.9622 0.2710 


1.0281 0.3274 


20 


1.2178 0.3997 


1.3352 0.4887 


25 


1.3732 0.5041 


1.4637 0.6623 
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